ABSTRACT. Pseudo-BL-algebras are a noncommutative extention of BL-algebras. In this paper we consider polars in pseudo-BL-algebras and the class of complete pseudo-BL-algebras. In the final section, a version of the CantorBernstein theorem will be proved.
Introduction
BL-algebras were introduced by Hájek [11] in 1998. Chang [2] introduced MV-algebras, which are contained in the class of BL-algebras. A noncommutative extention of MV-algebras, called pseudo-MV-algebras, were introduced by Georgescu and Iorgulescu [8] and independently by Rachůnek [20] . A concept of pseudo-BL-algebras was firstly introduced by Georgescu and Iorgulescu in 2000 as a noncommutative generalization of BL-algebras and pseudo-MV-algebras. In [5] and [6] , there were given basic properties of pseudo-BL-algebras. The pseudo-BL-algebras correspond to a pseudo-basic fuzzy logic (see [12] and [13] ).
Complete MV-algebras are investigated in Belluce [1] and Jakubík [14] ; see also [3] and [17] . In this paper we consider complete pseudo-BL-algebras and characterize some type of filters in pseudo-BL-algebras, called polars. Finally, we prove a Cantor-Bernstein type theorem.
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The Cantor-Bernstein theorem states that, if a set X can be embedded into a set Y , and vice versa, then there is a bijection of X onto Y . The theorem was extended to σ-complete Boolean algebras by Sikorski [21] and Tarski [22] . Some theorems of Cantor-Bernstein type for (pseudo-) MV-algebras and for pseudo-effect algebras were proved in [15] , [4] , [16] and [7] . In the final section of this paper we generalize the Cantor-Bernstein theorem to σ-dually Brouwerian pseudo-BL-algebras.
Preliminaries
A pseudo-BL-algebra was introduced in [9] as an algebra (A, ∧, ∨, , →, , 0, 1) of type (2, 2, 2, 2, 2, 0, 0) satisfying the following axioms for any a, b, c ∈ A:
We shall agree that ∧, ∨ and have higher priority then → and . If the operation is commutative, then a pseudo-BL-algebra is called commutative. It is proved in [5] that in such case the implications → and coincide. Then commutative pseudo-BL-algebras are precisely BL-algebras.
Following [5] , for any pseudo-BL-algebra A, the reduct L(A) :
we denote an interval, that is, the set of all c ∈ A for which a ≤ c ≤ b. We say that b covers a if a < b and [a, b] = {a, b}; in this case we write a ≺ b. An element a ∈ A is an atom (resp. a coatom) if 0 ≺ a (resp. a ≺ 1). By C(A) we denote the set of all coatoms of A. We say that A is atomic if the interval [0, a] contains an atom for each a > 0. Dually, A is coatomic if for every element a < 1 the interval [a, 1] contains a coatom. A is called atomistic if the lattice L(A) is atomistic, that is, every nonzero element of A is a join of atoms.
We set N := {0, 1, 2, . . . }. For any element a of a pseudo-BL-algebra A we put a 0 = 1 and a n+1 = a n a for n ∈ N. We define a − := a → 0 and a ∼ := a 0. Throughout this paper A will denote a pseudo-BL-algebra. 
ÈÖÓÔÓ× Ø ÓÒ 2.2º ( [5] ) Let I be a nonempty set. In any pseudo-BL-algebra A we have:
whenever the arbitrary unions exist.
ÈÖÓÔÓ× Ø ÓÒ 2.3º Let I be a nonempty set. In any pseudo-BL-algebra A we have:
whenever the arbitrary unions and meets exist.
Consequently, a = b − , which proves (a).
The proof of (b) is similar.
Following [5] , a filter of A is a nonempty subset F of A such that for all a, b ∈ A:
Let X ⊆ A. The filter of A generated by X will be denoted by [X). For any a ∈ A, put [a) = [{a}). In [5] , it is proved that [∅) = {1} and if X = ∅, then
for any a ∈ A. Let us denote by B(A) the Boolean algebra of all complemented elements in the lattice L(A).
ÈÖÓÔÓ× Ø ÓÒ 2.4º ([10])
The following conditions are equivalent:
(b) e e = e and e = (e
ÈÖÓÔÓ× Ø ÓÒ 2.5º ( [10] ) Let e ∈ B(A). Then:
For each a ∈ A, let the functions
ÈÖÓÔÓ× Ø ÓÒ 2.6º Let e ∈ B(A) and let F := [e, 1]. Then: 
ÈÖÓÔÓ× Ø ÓÒ 2.8º Let A and B be pseudo-BL-algebras and let
f : A → B be an isomorphism of A onto B. For a i ∈ A (i ∈ I), if i∈I a i exists in A, then i∈I f (a i ) exists in B and we have f i∈I a i = i∈I f (a i ).
Polars
Let A be a pseudo-BL-algebra and let X be a nonempty subset of A. According to [18] (see also [5] and [19] ), the set
is called the polar of X. We put ∅ ⊥ := A and write a ⊥ instead of {a} ⊥ . The polar of C(A) will be denoted by A.
The proof is trivial.
Let us define Pol(A) := X
ÓÖÓÐÐ ÖÝ 3.5º Pol(A) is a complete Boolean algebra. ÈÖÓÔÓ× Ø ÓÒ 3.8º Let a, b ∈ A. Then: Assume that x ∈ F ⊥ . Then x ∨ e = 1 and hence
Consequently,
Complete pseudo-BL-algebras
Let A be a pseudo-BL-algebra. We say that A is complete (σ-complete) if the lattice L(A) is complete (σ-complete).
Following [5] , the identity
holds in A. Define a pseudo-BL-algebra A to be dually Brouwerian if A is complete and satisfies the dual to the identity (2) , that is, for every a ∈ A and every subset T of A,
Following [6] , we denote
In [6], it is proved that B(A) = G(A) ∩ M(A). (4)

Ä ÑÑ 4.1º Let a ∈ G(A). Then [a) = [a, 1].
P r o o f. By (1), [a) = {b ∈ A : a n ≤ b for some n ≥ 1}. Since a n = a for every 
ÈÖÓÔÓ× Ø ÓÒ 4.2º Let A be a dually Brouwerian pseudo-BL-algebra and let
ÓÖÓÐÐ ÖÝ 4.3º If A is a dually Brouwerian pseudo-BL-algebra, then B(A) is
a complete Boolean algebra.
ÈÖÓÔÓ× Ø ÓÒ 4.4º Let A be a dually Brouwerian pseudo-BL-algebra and let
By Proposition 2.6(b), f is a homomorphism. To see that f is one-to-one, suppose f (a) = f (b). Then a ∨ e i = b ∨ e i for all i ∈ I. Since A is dually Brouwerian, we have
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that is, a = b. Finally, to prove that f is onto
Thus f is an isomorphism. 
ÈÖÓÔÓ× Ø ÓÒ 4.5º Let A be a complete atomistic pseudo-BL-algebra. Then
Then using Proposition 2.2 we obtain
Thus A is commutative.
Ä ÑÑ 4.6º Let A be a dually Brouwerian pseudo-BL-algebra and let X ⊆ A.
Set a := (X ⊥ ). Then:
For all x ∈ X, we have
Therefore a ∈ X ⊥ . Since X ⊥ is a filter, we see that a a ∈ X ⊥ . But a a ≤ a and a = (X ⊥ ), so a a = a. Consequently, a ∈ G(A). 
Lemma 4.6(b) implies A 1 = C(A) ⊥ . From this and (5) we obtain A 2 = C(A) ⊥⊥ .
Hence, by Proposition 3.1(b),
In view of Proposition 2.6(d) we get
Applying (6) and (7) we see that C( 1] , and hence
Now we show that A 2 is coatomic. On the contrary suppose that
By assumption, a = 0, and therefore C(A) = ∅. Let q ∈ C(A). We conclude from Proposition 2.6(d) that C(A 2 ) = A 2 ∩C(A). Then, by (6), we get C(A) = C(A 2 ). Thus q ∈ C(A 2 ) and, in consequence, b q. (5) and Proposition 3.1). This contradicts the fact that b = 1. Thus A 2 is coatomic.
A Cantor-Bernstein type theorem
Let A be a σ-complete pseudo-BL-algebra. If (3) holds for every a ∈ A and every countable subset T of A, then A is said to be σ-dually Brouwerian.
By If pseudo-BL-algebras A and B are isomorphic, then we denote it by A ∼ = B. In the present section we prove the following result. 
From the injectivity of f and g we have
By Proposition 2.6(c), a n ∈ B(A) and b n ∈ B(B) for all n ∈ N. Let a ∞ = n∈N a n and b ∞ = n∈N b n . We conclude from Proposition 5.1 that a ∞ ∈ B(A) and
Thus r n ∨ r m = 1 for n = m, and similarly s n ∨ s m = 1 for n = m. Obviously a ∞ ∨ r n = b ∞ ∨ s n = 1 for all n ∈ N. Observe that
Indeed,
Let n ≥ 1. Since a k+1 ≤ a n for k = 0, 1, . . . , n − 1, we have a 
From (9)- (12) we obtain A ∼ = B.
